1. cviceni - Taylortiv polynom
https://www2.karlin.mff.cuni.cz/ kuncova/vyuka.php, kuncova@karlin.mff.cuni.cz

Nekteré priklady méme odsud: Sbirka z mat. analyzy Zeméanek Hasil:
https://is.muni.cz/do/rect/el/estud/prif/js12/m_analyza/web/index.html

Priklady

Z definice
1. Rogzviiite funkci f (z) = —22% — 62 + 2 v bodé a = 4.

Jak vypadé Taylortiv polynom polynomu?

Reseni: Zactneme derivovat:
f(x)=—42 -6
f(4) =—-22
7 () = —4
f"(4) =4

Vgechny dalsi derivace uz jsou rovny 0, ¢imz jsme ziskali odpovéd na otazku, jak bude

dlouhy rozvoj. Dosadime:
4
T = —54—22(x—4)—§(x—4)2 = —22% — 62 +2

Vys$el nam pavodni polynom.

2. Najdéte Tayloruv polynom 3. stupné v 0 (neni-li fec¢eno jinak)

(a) e7®
Resent:
flz)=e""  f(0)=1
fl@)=—e ) =-1
fl@=e o) =1
) =—et () = 1
Tedy
x? 28

(b) V1+z

Reseni:
fa)=vita,  f0)=1
F@ =g [0=172
@)= e O =1
’ 7"(0) = 3/8

@) = sav o
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Tedy

T?f’O:l*;_x;*f;-
(¢c) Inz,a=1
Reseni:
f@) =tz F(1)=0
f@) =1 =1
—1
Play="y, =1
f///( ) 237 f/l/(l) — 2
Tedy
T = (1)~ 5 -1+ (e - 1)
(d) arctanz
Resent:
f(z) = arctan z, f(0)
1
f'(x) = 152 f'(0)
9
'@ = Ty HZZ)Q, £7(0) =0
622 — 2
f///(ﬂf) _ &7‘%,2)3’ f///(o) — _9
Tedy
Tgf’O =x— ;563.
(€) 125
Reseni )
fa)= 2 ) =1
1
f/(.%')— (1—.%)27 f’(O)Zl
2
f”([]ﬁ) (1 _ 1:)37 f”(O) =2
@)= g 0=
Tedy

T3f’0:1—|—l’—|—$2+1}3.

3. Odvodte rozvoje pro nasledujici funkce do n-tého fadu v a = 0.

(a) e”
Reseni: Mame ¢® = f(z) = f'(z) = f'(z) = ---. Pak ¢ = 1 = £(0) = /(0)
f"(0) = ---. Po dosazeni do vzorce dostaneme

- 1 1 1 1
e*0 _ 1 Lot o3 4
T fl—i-lx—l—mx +3!$+ —i—n!x.
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(b)

sinx
Reseni: Plati, Ze

)(4n+1) )(4n+2)

(sinz =cosz, (sinz = sinz,

4n+3) 4in) __

(sinz)( = —cosz, (sinz)* = —sinz, neN

a tedy
(sinz)@tD(0) =1, (sinz)@*2) =0, (sinz)@"+3(0) = —1,
(sinz)*™ =0, neN
v8echny sudé derivace jsou tedy nulové a liché lze vyjadiit vztahem

(sinz)®*V(0) = (-1)», neN

Dohromady
, 3 5 7 In+1
i = = %+%_%+"'+(_1)n(22+1)!
cos T
Reseni: Plati, ze
(cosz)nHt) = —sinz,  (cosz) W2 = —cosz,
(cosz)3) =gsinz, (cosz)*™ = cosz, neN

a tedy
(cosz) WV (0) =0, (cosz)+D) = —1,  (cosz) "+ (0) =0,

(cosz)W™) =1, neN

vS8echny liché derivace jsou tedy nulové a sudé lze vyjadfit jednim vztahem

(cosz)®M(0) = (-1)", neN

Dohromady
2 4 6 2n
cosz,0 _337 £_£ - n L
T =l=grt g~ 0G0
In(1 + =) Redeni: Plati, ze
I 1 " _ _ ]'
In(l+2)] = T+ In(1+2)]" = R
1-2 1-2.3
1 1 n — 1 1 nn — _

odkud lze vyvodit, Ze

[In(1+ :B)](n) — (_1)n+1(n—1))!‘
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V nule dostaneme

(1 + )] (0) = (~1)"*(n — 1)

Dohromady
2 3 4 5 n
In(14+xz)z,0 T T z Z n+1L
T —p— 4T T T4 l
4. Najdéte Taylorovy polynomy:
(a) /&, v1do5. stupné
Reseni:
fl@)=ve,  f1)=1
1
Fla)y=ge % Py =172
-1
fla)y= a2 1) =-1/4
3
f”’(ac) _ éw—S/Q, f///(l) _ 3/8
F @) = T02aT ) = 15716
3-5-7
fO @) = ===, fU(1)=3-57/32
Tedy

15 105
(x_1)3_16.4!(‘”_ )4+32-5!(3'3_1)5

) 1 1 3

(b) cos %F, v 1, do 9. stupné

Reseni: o
fl@)=cos—,  f(1)=0
fla)==ZsinT5,  f()=—3
2
f(z) = — (g) coS %, f"(1)=0
3 3
ro= (@) e =)
P @) = (5) eos T, (1) =0
5 5
o=@, 0=
Tedy

o U2 gy /2 gy (U2

T (w/2)*
Tyw = —gle=Dt+ =g (=1 51 71 9]

2

(c) i—ﬁ, v 0, do 7. stupné
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f@) = fO0) =1

f@ =g S0)=-2
)= o=

i) = R ) = -2
g = 2DEICH gy s

Tedy
TI0 =1 — 22 4 20 — 22% + 22" — 22° + 22° — 227
(d) 2%e*,v 0
Regeni: Mame
x2 x> z™
Tedy
2 3 n 24 5
22670 _ x x A zt a”
T, <1+x—|—2'+3+ +n!> x? 4+ 23 + +3'+
(e) zlnzx, v 1, do 4. stupné
Reseni:
f@) =z, (1) =
f@)=me+1,  f1)=1
1
= =t
1
mn _ - My = —1
@) == )
92 ,
f(w)(x) _ E? f(w)(l) -9
Tedy )
TP = (@ - D+ =1 = g - 1)’ + (e - 1)

(f) %, v 3, do 5. stupné
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=1 =3
Fa)=- =g
)= G)=
P =T P =g
@ =2 e =2

Tedy

1 1 1 1
~ 5@ =3+ @ =3~ (@ =3 + (@ - 3)*

5. Vyjadfete funkci sin % pomoci mocnin x — 2.

T)? =

W=

Reseni: Budeme hledat T,{’Q:

fla)=sin=2,  f(2)=1
Jl@)=Feos =5 f(2)=0
ey =- (5 e =-(5)

4
7O (z) = (%)5005%, Ff@2) =0
Tedy
™ 2 ™ 4 ™ 6 ™ 8

Pouzitim vét
6. Odvodte Tayloriv rozvoj funkce v g = 0 do m-tého fadu

(a) f(z)=e*""" m=5.
Reseni: Podle vztahu pro rozvoj exponencialni funkce dostaneme
2z — 22?2  (2z—2%)3 (2z—2%H)* (22 —2%)°

20—x° __ 2 —
e =142z —2°)+ 51 + o + 1 + i =

1 1 1
= 1—1—(237—352)—1-5(4x2—4x3+x4)+6(8x3—12x4+6$5+0(x5))+ﬂ(16904—329554-0(375))
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1
—(32
+12O(3x + o(x ))
9 4

2 1
:1+2x+x2—§x3—6x —Bx5+o(x5)

(b) f(z) =vV1-2z+a2%— Y1 -3z +22, m=3.
Podle vztahu pro rozvoj mocniny je

1 1
(1+(—22+2°))/% = 1+§(—2x+m3)+7 -

:1+—23;2jo3+ (—4x2+0(x3)> + <31( 823) + o(x 3)) +o(ad) =

Pro dalsi mocninu dostaneme

wl—
—
Wi
|
~—

(=3z+2?)%+

1
(1+(=32+a)"/? = 1+3( Br-+a?)+35—

:1+3w;"’“"2+ <91-(93:2—6x3)+0(x3)> + (;2 é (—272%) + (x3)> _

2 2 5 2
:1—x+%—x2+§x3—§x3+o(a:3)zl—x—ng—a:B'—i-o(a:?’)

Dohromady dostavame

V1—2z+a23 -1 -3z +a2 =

= (1—a;—x;+o(x3))—(1—x—§x2—x3+o(g;3)> =

1
= 6952 + 23 + o(23)

X .’Ez
() flo) =+t =,

1—x+a?
Reseni: Na né&jakém okoli nuly, kde |z — 22| < 1, plati rovnost

1+ + 22
1—(z—a?)
[o.¢]

:(1+x+$2)-2(x—x2)k:

k=0
Q+z+2)+Q+z+2°)(z-2)+(Q+z+2D)(z -2
1tz +a) (@ =2+ (L + o+ 2%)(z - 2" +o(a?) =
=(14+z+2*)+ (z+2°+2° - 2? )
(2 + 23+ 2t — 223 — 200 + 2t 4 o(2h)) + (23 + 2t — 32 + o(z?))
+(z* + o(zh) + o(a*) =
=1+ 2z + 22 — 2% 4 o(2?)

2)2

—x3—x4

Z jednoznaénosti rozvoje pak vyplyva, ze f(9(0)/4! = —2, a tedy f*(0) = —48.
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(1 + x)10

d =

(&) J@) = 7o ym00 5 20700°
Na néjakém okoli nuly, kde |2z| < 1, plati rovnost

m = 2.

40

(14 2)'% (14 2)10. i
(1= 22)0(1 + 22)80 —

. 60
:E:(——2m)k]
k=0

[1+4 22+ 42 + 0(2®)] " - [1 = 22 + 42 + o(2*)] ™

100 9 o,

J?

[1+100 +

40 - 39
2!

100 9 o, ]

[1 + 100z + [1 +40 - (22 + 42°) + (2x + 422)? + 0(902)]

60 - 59
|1 =60 (2z — 42?) + 51 (22 — 422)% + 0(1‘2)]

100 - 992

40 39
z? + 0(x2)] : [1 + 80z + 16022 +

[1+100 + 4a” +o(x )]

1 — 120z + 24022 + 6059

4x+()]

:1+60x+(50-99+4~20-39+4.30-59+100-80—100-120—80-120+160+240)x2
+ o(x?) = 1 + 60z + 195022 + o(z?)

(e) f(z) =1In(cosx), m = 6.

Reseni:
Je 2 .4 6
oz x
f(z) =In(cosz) = 1(1—?—#% ﬁo—i—o( ) =
Oznac¢me V(x) %—i— gi 5 + o(a®)
V(z)2 V(z)?
2 3
z?2 ozt b 6 1 [x* 22 2t 6 1 6 6
_ [ _Z co_ 2 _Z 29 2 - 2 —
( 2 " 720+($)> 2(4 224+0(x)>+3( 8+0(x)>
2?2 2t af 6
=3 "1 gt

f(z) = sin(sinz) = sin(z — % + o(z?)) =

Ozna¢me V(z) =z — % + o(x3)

- <:1: - "23 +0(a:3)> — é (x — 9;3 + 0(3:3)>3 +o(z?) =
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=<$3+0@%)écﬁ+o@%)+dﬁ):
=z — %xf” + o(z?)
(g) f(z) = Vsinz?, m =13,
' fla)= (2~ g? + f‘;,s + o(a?))/3 =
=zl - i + 9”51,2 + o(a'®))1/3

Dale budeme aproximovat pouze zavorku, sta¢i do dvanéictého Fadu.

26 12
(1 — ? + ? + 0(%18))1/3 =
Oznacme V(x) = —% + ws—l,z + o(x18), pak dostaneme
1 21
1+ gV(a:) — §5V(x)2 +o(x!3) =
_ 11 6 11 12 11 12 13y _ 1 6 12 13
=gyt Tt To@et o) Sl gnt o gt Tl
Dohromady
1. 1

. - .13 14
TR T ggp” TowT)

(h) f(z) = ex”””_ m = 4.
Reseni:
Na vhodném okoli nuly je
x x
et —1 x4+ x2/2V + 23 /3! + 24 /4l 4+ 2% /5! + o(25) -

1
14 x/20 4+ 22/3! 4+ 23 /4! + 24 /5! + o(x5)

i X X x

Rozvedme jednotlivé mocniny V' (z) do patého radu.

T $2 1‘3 :E4 5
V($):5+§+Z+E+O(SL’)

2 3 4 4 5 5
x T X X T T
F2o 20 2o+ 2 4 0(2P)

2 __
V@)= o1 25 3 2o e T 5

Matematicka analyza 2, 2021 /22, Kristyna Kuncova



5 5

3 4
3 T x x x 5
V@)™ = i1 3501 T 3amar T 3amm T o)
.'L'4 1'5 (I“S)

4
V(@) = nmmr T 42w TO
5

5 _ T 5
V@) = o T o)

Kdyz v8echny piispévky secteme, resp. odecteme, dostaneme

0 )= (), -
Sledujte vypocet.

: 3 5 120 — 7 ! 8
lnslnx:1n<$ «'1:/6"_37/ O .'13/7 +O(«T )):ln(l—$2/6+x4/120—:L'6/7'+0(:C7)):
x x
ozna¢me V(z) = —22/6 + 2*/120 — 25/7! + o(2") a rozvinutim logaritmu mame
_ V(z)?  V(z)’ 6
S 7 1 z?2 ozt b 7 1 z?2 ozt b 7 ’
= <_6+120_7'+ (@ >>‘2 (‘Nm‘w“’(”” >) 3 <_6+120_7!+0(x >>
+o(z%) =
2 4 6 4 2 .4 2\ 3
T T T 1 /x ¢ x 1 T
T L R (R 6 L 6 6y _
( 6 120 7!) 2(36 6120 o )>+3< 6> Fo(a7)+o(a)
1 1 1
2 4 6_‘_0(1,6)

~ 76" T 180" T 2835”7

(Dokonce o(z").)
() f(z) =tgz, m=5.

Reseni: Je
: 3 5
sin x x x 1
flz) =tgz = =(r— T+ +o(a)- =
2 sz~ T TR TN 2+ 2+ o(d)

na vhodném okoli nuly

3 2P O /2 gt k
o=t o) Y (G- 5 el -

B 31 5 P
:(x—§)+§+o(x5))+(x—§+§+ (z°)) (i—j+o(z5)>+
(x — g;:: + a;j + o(z”)) (gj - Zl + 0(3:5))2 +o(2”) =
_(x—§?+§+o(:c5))+§—j—?ﬁ;+o(:c5)+;;+o(x5)+o(x5)_
=z + g.’L‘S + 135955 + o(x°)
10
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(k) f(x) = e arcsinz, m = 5

Reseni: Pro e¥ mame

2 3 4 5
v — v,y .Yy Y
ey =1+y+ +3,+4,+5,+o()
Pak 4 6 8 10
—x x —x 10
1 Lot .
+x+2+3,+4'+5+0(x)
Dale
+1:c +13x n (6)
arcsing =r+ —— + ———
23 245
Dohromady
4
—x? : 2 x 5 1x 13z 6
=(1+— il . et Rl
e " arcsinz <+ x+2+o(x)) (x+23+245+ o(z°)
1 3 1 1
3 5 5
= 14+ = 224z
l‘+.7}< —|—6>+x <40 6+2>+0(:B)
5 49
—37—61'3“—@1‘ —|—O(IL‘5)
1
1 - pu—
U) g5 m=00
Reseni:
Nejprve upravime
1 1
3-2r 3 1-2

Pak pouzijeme rozvoj

proy € (—1,1).
Tedy pro —1 < 2% < 1, tedyproxe( %%)je

1 I /2\" ,
e (3)
n=0

2T
3

fz) =

wl

Bonus
7. Vite-li, ze Taylortiv polynom funkce f je T g V=9 g g2 /3 + 223, uréete hodnoty
(a) f(0)=2 (b) f(0) =-1 (c) f7(0)==2/3  (d) f"(0) =12

8. Vite-li, ze Taylorova Fada cosx v 0 je > ° ((—1)" 7% (2n)" jak je na tom é cos(2x)?

~ . 4
Regeni: D) 1 — 2% + &
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9. Je pravda, ze jestlize TQf’O = ng,o, pak f = g?
Reseni: Ne. Napi. fl@)y=¢"g(z)=1+2+ %

10. Je pravda, Ze jestlize Tzf’O =142 — 22, pak je f konkévni na okoli 07

ReSeni: Za predpokladu, Ze f” je spojita na jistém okoli bodu 0, tak ano, protoze

f(0) = 2.

11. Ktery Tayloriv polynom bude vhodny k aproximaci hodnoty sin 3, nemate-li kalkulacku?
Reseni: C) —(z — m) 4 3;(z — )3, lepsi aproximace doséhneme u bodu a = 7.
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